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~ Phan1
Pai so tuyén tinh




Chuyén vi va Hermitian

0 Cho 4 € R™™ ta ndi B € R™™ |a chuyén vj cla A néu:

bu=a]l‘v’1SlSn,1S1Sm

Ky hiéu: B = AT

Hp)

Néu A = AT thi ta goi A l1a ma tran déi xirng

I a;n a4io ..

oooooo

[ Cho 4 € R™™ tandi B € R™™ |a chuyén vi lién hop cia A néu:

Ky hiéu: B = A”

Néu A4 = A thi ta goi A 1a ma tran Hermitian




Phéep nhan hai ma tran

(Cho hai ma trdn A € R™*™ B € R™P, tich cda hai ma trdn duwoc
Ky hiéu la C € R™P vai:
n

Cij=zaikbkj,1SiSm,1 <J<p
k=1

Tinh chat:

= Phép nhan hai ma tran khéng co tinh giao hoan: AB # BA
= Tinh két hop: ABC = (AB)C = A(BC)

= Tinh phan phdi di v&i phép cong: A(B + C) = AB + AC

= (AB)T = ATBT



Ma trén don vi, Ma tréan nghich dao

M6t ma tran vudng voi cac phan ti trén dwoérng chéo chinh
bang 1, con lai bang 0 dwoc goi la ma tran don vi, va ky hiéu 1a
I,.

 Cho mét ma tran vuéng A € R™™, néu ton tai ma tran vudng
B € R™™" sao cho: AB = I, thi ta néi A la kha nghich va B dwoc
goi la ma tran nghich dao cua A.

Ky hiéu B = A~ 1.
Tinh chét:
= A A=,
= (AB)"1 = B~1471



Pinh thirc

- Pinh nghia: Dinh thirc cua mét ma tradn vuéng A dwoc ky hiéu
la detA

= V@i n = 1, detA chinh 1a phan tl duy nhat ctia ma tran do

= V&I mot ma tran vuéng bac n > 1:

adin 412 ... Q1n
n
as21 A929 ... A9p

A= . = det(A) = ) (=1)"a;; det(As))

j=1

V&i A;; la ma tran thu dwoc bang cach xoa hang th i va cét thi
j cta ma tran A, hay con goi |a phan bu dai s6 cda A rng véi
phan t& & hang i, cot j.



Pinh thirc

2 Tinh chat:
= detA = detAT
= detl, =1

= det(AB) = detA. detB

1

detA

= Néu mot ma tran cé mot hang hodc mot cot 1a mét vecto O thi
dinh thirc cdia n6 bang 0

= detA™ 1 =

= Mot ma trén 1a kha nghich khi va chi khi dinh thirc cia né khac 0

= Pinh thirc cila mét ma tran tam giac (vudng) bang tich cac phan
ter trén dwdng chéo chinh



T hop tuyén tinh-Khéng gian sinh

- T6 hop tuyén tinh

Cho céac vecto khac khdng ay, ..., a,, € R™ va cac so thuc
X1, X, ..., X, KNI @0 vecto:
b=xya, +x,a, + -+ x,a,

dwoc goi la mot té hop tuyén tinh cta a4, ...,a,, € R™.

Xét ma trén A = [aq, ay, ..., a,] € R™"M va x = [x4, Xy, ..., x,]", ta cd
thé viét lai:
b = Ax

va b 1a mét td hop tuyén tinh cac cot ctia A



T hop tuyén tinh-Khéng gian sinh

- Tap hop tat ca cac vecto co thé biéu dién dwoc nhw 1a mét td
hop tuyén tinh cta cac vecto khac khoéng ay, ...,a, € R™ dwoc
goi la khéng gian sinh (span space) cua hé cac vecto do, va
dwoc ky hiéu la span(ay, ..., a,, )

- Néu phuong trinh:
x1aq4 + x,a5 + -+ x50, =0
C6 nghiém duy nhat x; = x, = - = x,, = 0 thi ta néi hé

{ay, a,, ...,,an} la doc 1ap tuyén tinh. Ngworc lai ta ndi hé dé Ia phu
thubc tuyén tinh.



Co s& cua mot khéng gian

Mot hé cac vecto {a4, a,, ..., a,,} trong khéng gian vecto m chiéu
V = R™ duwoc goi la mot co s& néu hai diéu kién sau dwoc thoa
man:

=V =span(aq, a,, ..., a,)

= {a,a,, ...,a,} 1 mdt hé doc 1ap tuyén tinh

> Nhan thay: n=m
Khi d3, moi vecto b € V déu co thé biéu dién duy nhat dudi

dang mdt td hop tuyén tinh cia céac q;



Hang cua ma tran

[ Xét mot ma tran A € R™*™. Hang (rank) cda ma tran nay, ky
hiéu la rank(A), dwoc dinh nghta 14 s6 lwgng I&n nhat cac cot
cua no tao thanh mot hé doc 1ap tuyén tinh

0 Tinh chat:

= rank(4) = rank(4")

= Néu A € R™™ thi rank(4) < min(m,n)

* rank(AB) < min(rank(A),rank(B))

* rank(A + B) < rank(A) + rank(B)

= Néu 4 € R™" B € R™¥ thi: rank(A) + rank(B) —n < rank(4B)

= Néu A 1a mot ma tran vudng kha nghich thi rank(4) = n



Hé trwc chuan, ma tran truc giao

Mot hé co sé {uq, uy, ..., U} € R™ dwoc goi la trwe giao néu:
u;#0vaujuy =0Vi<i#j<m
2 Mot hé co sé {uq, uy, ..., Uy} € R™ dwoc goi la trwe chuan néu:

lwll; =uju; =1vauju,=0vV1i<i#j<m

d Goi U = [uq, Uy, ..., Uy | VOI {uq, Uy, ..., uy} € R™ la mot hé truc
chuan thi UUT = UTU =1,

Nguwoc lai néu mét ma tran U thod man: UUT = UTU = I, thi U
dwoc goi la ma tran trwec giao.



Tri rieng va vector riéng

J Cho mbt ma tran vudng A € R™™, mbt vecto khac khéng x € R™
va mot sd vo hwdng (cé thé thwe hodc phirc) 1. Néu Ax = Ax thi
ta ndi A va x la mét cap tri riéng, vector riéng cua ma tran A

2 Tinh chat:

= Néu x la mét vecto riéng clia A &ng véi A thi kx v&i k # 0 cling 1a
vecto riéng wng voi A.

= Tich tat ca cac gia tri riéng cia mot ma tran bang dinh thirc cla
ma tran do. Tong tat ca cac gia tri riéng cua moét ma tran bang
tong cac phan tr trén dwdng chéo cua ma tran do

= Moi ma tran vudng bac n déu cé n trj riéng (thwe hodc phire, ké
ca lap)



Chéo hoa ma tran

d Gia st x4, ..., x,, # 0 la cac vecto riéng cua mdét ma tran vuéng A
rng v@i cac gia tri rieng A4, ..., 4,

bat A = diag(44, ..., 4,) va X = [x4, ..., x,] ta s€ cO: AX = XA

Hon nira néu cac gia tri riéng x; la doc lap tuyén tinh thi X 1a mét
ma tran kha nghich, do do:
A=XAX"1

Do A 1a mdét ma tran dwong chéo nén biéu dién trén dwoc goi la
chéo héo ma tran



Chéo hoa ma tran

d Tinh chat:
= Chéo hoa ma tran chi ap dung v&i ma tran vuéng

= Mot ma trédn vudng bac n la chéo hoa duwoc iff né ¢d du n tri
riéng doc lap tuyén tinh
= Chéo hoa ma tran gilp tinh toan dé dang cac A*
A? = (XAX " H(XAX ™Y = xA2x 1
Ak = xpkx 1
Néu A kha nghich: 471 = (XAX 1)1 = XA 1x 1



Ma tran xac dinh dwong

- Chi xét trén ho cac ma tran doi xirng

= M6t ma tran doi xirng A bac n dwoc goi 1a xac dinh dwong néu:
xTAx >0Vx #0

: Mpt ma tran doi xrng 4 bac n dwoc goi la ban xac dinh dwong
néu: xTAx > 0vVx # 0

2 Tinh chat:

= Moi gia tri riéng clia mét ma tran doi xirng xac dinh dwong déu
la mot sO thwe dwong

= A = BTB |4 ma tran ban xac dinh dwong m&i moi ma tran B bat
Ky



Chuan cla ma tran

d V&i mét ma tran A € R™ ™, chuan thwdng dung nhat 13
chuan Frobenius, ky hiéu 1a ||A]|- 1& can bac hai cta tbng binh

phwong tat ca cac phan tlr cia ma tran do

m n
lally = | > >

i=1j=1
V




Vét clia ma tran

- Pinh nghia: Vé&t ciia mét ma tran vuéng la tdng tat ca cac phan
ter trén dwdng chéo chinh cua no, dwgc ky hiéu la trace(A).

0 Tinh chat:

= trace(A) = trace(A")

= trace(Xr_, A;) = Y5 trace(4;)

trace(A) = Y™, A; voi A; 1a cac gia tri riéng cta A
trace(AB) = trace(BA)

Néu X 1 mdt ma tran kha nghich cung chiéu véi ma tran vudng
A thi: trace(XAX~1) = trace(X~1XA) = trace(4)

= trace(ATA) = trace(4AT) = ||A||% = 0 v&i A la ma tran bat ky



Phan 2
Giai tich




Pao ham cla ham nhiéu bién

] Ham cho gia tri 1a mét s6 vé hwéng

Pao ham (gradient) cia mot ham sob: f(x): R™ = R theo vecto x
dwoc dinh nghia nhw sau:

Vif(x) £ | %2 | €R"

af (x)
6xl-
vecto x. Dao ham nay duoc lay khi gia st tat ca cac bién con lai la

hang so

Trong do la dao ham clia ham sb theo thanh phan the | cda



Pao ham cla ham nhiéu bién

] Ham cho gia tri 1a mét s6 vé hwéng

Pao ham bac hai (second-order gradient) ciia ham sb trén con
dwoc goi la Hessian va duwoc dinh nghia nhw sau:

- 9% f(x) 9%f(x) caricla
(9:(:% Oriza ' °° Oxi1Zn
Df(x) 92f(x)  O°f(x)
0xox1 8:6% " Ozoxn
Vif(x) = : s &, e
fx) Pfx)  82F()
Oxnz1 Oxnza *°° Ox2

V&i S™ € R™™ |3 tap cac ma tran vudng dbi xirng nxn



Pao ham cla ham nhiéu bién

] Ham cho gia tri 1a mét s6 vé hwéng

Pao ham cta mét ham sbé £(X): R™™ — R theo ma tran X dwoc
dinh nghia la:

i 32f(><) Of(x) O

8m Ox1zas "' ° Ozizn
32f (x) 9%f(x) 9% f(x)
0xrox1 (’9:1:2 " Oxoxg
Vif(x) = : > =, o= cS"

0°f(x) 0%f(x) 0% f(x)

Oxnz1 Oxnza " °° 022




Pao ham cla ham nhiéu bién

1] Ham cho gia tri la mét vecto

Gia s&r m6t ham s6 v&i dau vao l1a mét sé thue v(x): R — R™:
el

va()

v(z) =

Un ()

Pao ham bac nhat va bac hai ctia né 1a mét vecto hang nhw sau:

\V/ L Pavl(m) Ovz(x) 3vn(:1:)-
U(I.) I ax ax . s . 8:1‘/‘ ]

! 2v1(x 2va(x 20n(z )
Vio(r) £ | Zua) SoE | PaE




Pao ham cla ham nhiéu bién

1] Ham cho gia tri la mét vecto

Néu dau vao cling 1a mdt vecto, ttrc cé ham sb h(x): R* — R™ thi
dao ham cua n6 1a mét ma tran kxn

8h1(x) 8h2 (X) . 8h (X)
8h1%x) Oho (1x) o 8hn6x)
Vh(x) £ | % O
6h1.(x) th.(x) | 8h7;(x)
(9:13k 8$k e 8:Ek _

— [_Vhl(X) th(X) g3 s th(x)] c RFxn



Pao ham cla ham nhiéu bién

- Tinh chat quan trong

Pé cho tbng quat, ta gia st bién dau vao l1a mot ma tran va cac
ham sO co chiéu phu hop dé cac phép nhan thwc hién duoc

= Product rules:

V(FOTg(X)) = (VF(X))gX) + (Vg(X))f (X)

= Chain rules:
ng(f(X)) = VXfTVfg



Pao ham cla ham nhiéu bién

] Bang cac dao ham thwéng gap:

f(x) Vf(x)
a’x a
xT Ax A+ AT)x
Tx= x| 2=
|Ax — bl|2 | 2AT(Ax —b)
a’xTxb 2a’’bx
a’xx™b | (ab” + ba”)x

Dao ham theo vector

f(X) V f(X)
IX]1% 2X
AX AT
IAX — B|% | 2AT(AX — B)
IXA — B2 | 2(XA — B)AT
a’X"Xb | X(ab” + ba”)
a’XXTb |(ab” +ba’)X,
ih D Bl o balY
al V' Xb Yab”
arXY*'b ab’Y
g % ¥b Yba®

Dao ham theo ma tran



Khai trién Taylor

- Khai trién Taylor cho ham mét bién:

Taylor's theorem : Goi f: R — R |a mét ham lién tuc c6 dao ham tdi bac k
tai x v8i k 1a mot s6 nguyén va € la mot sé thuc du nhdé hon 1. Ta co:

f@+e) = f(@) + f@)e+ L2 .. 4+ LBk ock)  (s)

O day, f®)(z) 1a dao ham cép k cua f tai .




Khai trién Taylor

- Khai trién Taylor cho ham nhiéu bién:

Taylor's theorem : Goi f: RY 5 R1a moét ham lién tuc cé dao ham tGi cép 2
tai X va € la mdét sé thuc du nhdé han 1. V&i moi vector ¢é dinh cho truéc y, ta
co:

(x) + e(Vf(x),y) + o(e)

f(x + ey) +EV
(x) + (VF(x),y) + €3y V2f(x)y + o(€?)

f(x+ey)

=
o (14

- Khai trién Taylor I1a co s& ly thuyét cho rat nhiéu thuat toan toi
wu bang cach xap xi, trong dé dién hinh 1a Gradient descent va
Newton step



, Phan 3
Xac suat co ban




Sw kién va xac suat

 Pinh nghia 1: Mot khdng gian xac suat bao gdm 3 thanh phan:

= Mét khong gian mau Q: 1a mét tap cac ket qua co thé clia mot
qua trinh ngau nhién dwoc mé hinh hoa badi khdng gian xac
suat do.

= Sy kién: méi sw kién co thé dwoc coi la mét tap con cua Q.
Tap cac sw kién duoc ki hiéu la F.

= M6t ham xac suét: Pr: F —» R thod man nhirng diéu kién sau:
> V&imobisw kien E: 0 < Pr[E] < 1
»Pr[Q] =1

»>V&i mot tAp hiru han hodc dém dwoc cac sw kién E, E,, ...,
doi mot khéng giao nhau: Pr[U;sq E;] = };5; Pr[E;]



Sw kién va xac suat

11 B& d& 1: Cho hai su kién E,, E, bat ky:
PI‘[E1 U Ez] — Pl‘[El] + Pr[Ez] — PI‘[El N Ez]

] B6 dé 2: Cho mét tap hiru han hodc dém dwoc cac sw kién

E,, E, bat ky:
-1 E;] < E Pr[E;]
=1

0 Bé dé 3: Nguyan Iy bu triy
Cho mét tap n sw kién E, E,, ..., E,, bat ky:
PrlUis1Bi] = )., Pr[Ei] — )., Pr[E; N Ej]
+ Zz - kPr[El NE; N Ey]
- .. i SN . . (5 N



Sw kién va xac suat

- Pinh nghia 2: Hai sw kién E,, E, dwoc goi la doc lap néu:
PI‘[El N Ez] — PI‘[El] . Pr[Ez]

Twong tw nhw vay, cac sv kién E, E,, ..., E,, dwgc goi la doc lap
néu: Pr[N;z; E;] = i< Pr(E;]

- Pinh nghia 3: Xac suat co diéu kién ciia mot sy kién E khi biét
sy kién F xay ra la:
Pr[E N F]

Pr|F]

Pr[E|F] =



Sw kién va xac suat

M6t luat rat quan trong dé tinh xac suat Ia luat tbng xac suéat:

J Binh ly 1 (Law of total probability): Goi E;, E;, ..., E,, |a cac sw
kién do6i mét khéng giao nhau trong mét khéng gian mau Q thoa
méan UL, E; = Q, ta co:

n n
Pr[B] = Z Pr[BNE;] = 2 Pr[B|E;] Pr[E;]
=1 =1
1 Pinh ly 2 (Bayes’ Law): Goi E,, E,, ..., E,, la cac su kién doi mot
khong giao nhau trong mot khéng gian mau Q thod man
~ 1 E; =Q,taco:
PrlE;nB|  Pr|B|E;| Pr[E]

Pr[B] XY™, Pr[B|E;] Pr[E;]

Pr|E;|B| =



Bién ngau nhién

-1 Binh nghia 4: Bién ngau nhién (dai lvong ngau nhién) la mot

dai lwgng ma gia tri cua no la ngau nhién, phu thudc vao két qua
phép thir.

= Bién ngau nhién dwoc goi la roi rac, néeu tap gia tri cua no la
mot tap hiru han hodc vo han dém duo’c cac phan tr

= Bién ngau nhién dwoc goi 13 lién tuc, neu tép gia tri cua no Iap

kin mét khoang hodc mot sd khodng cuda truc sd hoac cling ¢
thé 1a ca truc so.

- Pinh nghia 5: Ham phan phdi xac suat cta bién ngdu nhién X,
Ki hiéu la F(x) va dwgc xac dinh nhuw sau:

F(x) =P(X <x)



Bién ngau nhién

Pinh nghia 6: Ham mat do xac suat f(x) ctia bién ngau nhién
lién tuc X thé hién mirc do tap trung xac suat cua X xung quanh
diém Xx.

Tinh chat:
" f(x) = 0Vx

" [T FG)dx =1
" P(@a< X <b) = [ f(x)dx (co thé bd cac dau “=")
= Ham phan phdi xac suat:

F(x)=P(X<x)= jx f(t)dt
T dosuyra: f(x) = F'(x)



Cac tham s0 dac trung

- Ky vong:

= L3 dai lwong dac trwng co gia tri trung binh ciia mot bién ngau
nhién, ki hiéu la E(X) hoac EX.

= Tinh chat:
> E(c)=c v&i ¢ 1a hang so
E(aX)=aEX vé&i a la hang so
E(X+Y)=EX+EY v&i X, Y 1a hai bién ngau nhién bat ky
E(XY)=EX.EY néu X, Y la hai bién ngau nhién doc lap



Cac tham s0 dac trwng

J Phwong sai:

= |3 dai lwong dac trwng cho trung binh cua binh phuwong sai
sO, phan anh mic dé phan tan cua cac gia tri cua bién ngau
nhién xung quanh gia tri trung binh cua né la ky vong, ky hiéu
la V(X) hoac VX

= Cong thire tinh:

VX = E(X — EX)? = E(X?) — (EX)?

= Tinh chat:
> V=0 v&i ¢ l1a hang s
> V(aX)=a?VX v&i a 1a hang s
» V(X+b)=VX
> V(X+Y)=VX+VY néu X, Y la hai bién ngau nhién doc lap



Cac tham s0 dac trwng

_IHiép phwong sai

Gia st X, Y la cac bién ngau nhién, hiép phwong sai cta X va'Y
dwoc ky hiéu 1a uyy, va dwgce xac dinh baoi:

uyy = E[(X —EX)(Y —EY)] = E(XY) — EX.EY
Trong do E(XY) dwoc xac dinh theo cong thurc:

(D22 Tiy;Pij, doi v6i bién ngau nhién rdi rac
i j

E(Xv)= 0 e , L
/ / xy.f(z,y), doi véi bién ngau nhién lién tuc

\— 00 — 00




Cac tham s0 dac trwng

JHé so twong quan

Gia str X, Y la cac bién ngau nhién, hé sb twong quan cia X va'Y
dwoc ky hiéu la pyy, xac dinh boi:
Hxy Hxy

Pxy = Ox Oy - VVX. VY

= C6 thé chirng minh duwoc |pyy| < 1

= Néu pyy = +1 ta ndi X va Y co twong quan tuyén tinh

= Néu pyy = 0 ta ndi X va 'Y 1a khoéng twong quan



Céac tham s dac trwng

Ta c6 cac tham s6 dac trweng cho bé div lieu gom N diém
X1, X9, ..., Xy, Nhw sau:

= Vecto ky vong: x = %Zﬁzlxn

LXXT
N

= Ma tran hiép phuong sai: S = %Zﬁzl(xn — %) (x, —x) =

Trong d6 X dwoc tao bang cach trir moi cot cua

X = [xl, X9, ...,xN] d' X

- Moi phan t& trén dwdng chéo clda ma tran S la phwong sai cla
tirng chiéu di liéu

- Céc phan tlr nam ngoai dwong chéo thé hién sw twong quan
gilta cac thanh phan cua di liéu, chinh Ia hiép phwong sai



Mot s6 phan phoi xac suat thuworng gap

] Phan phoi Bernoulli:

Phan phoi Bernoulli 1a mét phan phoi roi rac mé ta cac bién ngau
nhién nhi phan: trwdng hop dau ra chi nhan mét trong hai gia tri O,
1.

Phan phoi Bernoulli dwoc mo ta bang mét tham s 1 € [0,1] va la
xac suat dé bnn x=1:

px=1)=A,px=0=1-21
> p(x) =21 - )™



Mot s6 phan phoi xac suat thuworng gap

] Phan phoi Categorical:

Trong nhiéu trwdng hop, dau ra cda bnn rdi rac co thé 1a K dau ra,
phan phdi Categorical s& dwgc md ta bdi K tham s, viét dwdi
dang vecto: 1 = [A4, 4, ..., 4] V&I A, 1a cac s6 khédng am va cd
tbng bang 1

p(x =k) =4



Mot s6 phan phoi xac suat thuworng gap

) Phan phoi Chuan:

= Tong quét véi bién ngau nhién D chiéu. C6 hai tham s6 mo ta
phan phoi nay la: vecto ky vong u € RP va ma tran hiép phuwong
sai £ € SP 14 mét ma tran d6i xtrng xac dinh dwong:

= Ham mat dé xac suat cé dang:

() = oy @ (50— W= )



Mot s6 phan phoi xac suat thuworng gap

] Phan phoi Beta:

= Phan phoi Beta 1a mét phan phai lién tuc dwoc dinh nghia trén
mot bién ngau nhién A € [0,1], dwoc dung dé mé ta sw bién
ddng clia tham s6 A trong phan phdi Bernoulli.

= Phan phdi Beta dwoc mé ta b&i hai tham sb dwong: a, .

= Ham mat doé xac suat la:




Mot s6 phan phoi xac suat thuworng gap

] Phan phoi Dirichlet:

= Phan phdi Dirichlet Ia truwéong hop tbng quat cda phan phdi Beta
khi dwoc dung dé mé ta tham sb clia phan phdi Categorical.

= Phan phdi Dirichlet dwoc dinh nghia trén K ble’n lien tuc
A, Ay, o, A VOI A 1@ cac sO KhOng am va c6 tong bang 1.

= C6 K tham sd dwong dé mé ta phan phdi Dirichlet Ia:
aq,qy, ..., A

= Ham mat dé xac suat cé dang:




5 c¢dng cu clia xac suat

- Tinh tuyén tinh cta ky vong (1)

Goi X1, X5, ..., X,, 1a n bién ngau nhién trong cung mét khéng gian

xac suat. Goi X = Y, X;, ta co:

E(X) = Zn: EX;
=1

1 Union bound (2)

Union Bound: Goi Fy, Ey,... E, |la tdp n su kién, ta co:

Pr[ it nhat mot sw kién E; xay ra] < . | Pr[E;]

(16)




5 c¢dng cu clia xac suat

] Bat dang thirc Markov (3)

Cho mét bién ngau nhién X khéng am, v&i moi hang sb ¢ > 1, ta
cO:

Pr[X > cE(X)] <

A=

Vi du: trong bai giai thuat Quicksort ngau nhién, ta tinh dwoc ky
vong th&i gian cta Quiksort khi chon pivot ngau nhién 1a

E[T(n)] = 0(nlogn). Theo bat dang thirc Markov, xac suat dé giai
thuat nay chay lau hon 10 1an E[T(n)] la khéng qua 10%



5 c¢dng cu clia xac suat

- Bat dang thirc Chebyshev (4)
Cho mdt bién ngau nhién X, véi moi hang sb ¢ > 1, ta cé:
1
Pr[|X —EX| = c.0c(X)] < oz
) Bat dang thirc Chernoff (5)

Chernoff Bounds: Gid si X = Z?:l X; trong d6 X1, Xo,..., X, 1&d n bién
ngdu nhién déc I&p c6 gia tri trong doan [0, 1]. Goi u = E[X]. Ta cé:

e V3&i moi 0> 0,

Pr{X > (1+6)u] < ({°

(1+8)u
1+6)

(10)

e V&imoid € (0,1),
Pr(X > (1-d)u] < e ¥#/2  (11)




Phan 4
MOt sO van dé vé
tol wu hoa




Convex set

- Pinh nghia: Mét tap hop C dwoc goi la moét tap 16i néu véi hai
diém x4, x, € C thi diém xy = 0x; + (1 — 8)x, cling nam
trong C v&imoi 6 € [0,1]

Examples of nonconvex sets



Convex set

] M6t so6 vi du ve tap loi:
= Siéu phang (Hyerplane): a;x; + a,x, + -+ a,x, =a’x = b

= Ntra khéng gian (Halfspace):
ax; + ayx, + -+ apx, =alx <b

= Norm ball: B(x.,r) = {x]|||lx — x.||, < r} = {x, + rul||lul|, < 1}



Convex function

- Pinh nghia: Mdt ham s6 f: R™ — R dwoc goi la mét ham 16i néu
domf 1a mot ham 16i va:

fOx+(1-0)y) <0f(x)+1-0)f(y)

Voimoi x,y edomfval<6<1.




Convex function

Cac tinh chat co’ ban:

= Néu f(x) 1a convex thi af(x) la convex v&i a>0, va 1a concave
néu a<0

= Tdng cua hai ham 16i 14 mdt ham 16i v&i tap xac dinh 14 giao
cua hai tap xac dinh cua hai ham da cho

= Pointwise maximum va supremum: Néu cac ham sb
fi, f>, -, fm 1@ convex thi

f(x) — ma.X{fl(X), fZ(x); rfm(x)}
cling 1a ham 16i trén tap xac dinh 14 giao cua céac tap xac
dinh cla cac ham sé trén

= Moi ham s6 bat ky thoa man 3 diéu kién cia norm déu 1a
convex



Convex function

JKiém tra tinh convex
= Cach 1: str dung First-order condition

Gia str ham so f(x) co tap xac dinh domf convex va f(x) kha vi trén
domf. Khi do f(x) la convex iff:

f(x) = fxg) +Vf(x0)" (x — x¢) Vx, %9 € domf

= Cach 2: sir dung Second-order condition

Mot ham sb cé dao ham bac hai la convex néu domf 1a convex va
Hessian cua né la mot ma tran ban xac dinh dwong v&i moi x €
domf

Vif(x) =0



Convex optimization problem

 Pinh nghia:

Mot bai toan toi wu 10i & mot bai toan toi wu c6 dang:

x* = argmin, fo(x)
thoa man:
fix)<0i=1,2,..,mva
hi(x) = aij —bj=0,j=1,..

trong d0 fy, fi, ..., fr, 1@ c&c ham 10i.



Convex optimization problem

Q Tinh chat:

= V@i bai toan toi wu 16i, local optimum cling chinh 1a global
optimum cua noé

= Néu f, 1a ham kha vi, theo first-order condition:
fo(x) = fo(xo) + Vfo(x0)" (x — x0) Vx,x9 € domf,

Pat X 1a tap cac diém thod man cac diéu kién cta bai toan.
Piéu kién can va du dé mét diém x, € X 1a optimal point la:

Vig(xo)T(x —x9) = 0Vx,xy € X

\ \
'\ feasible set X’
\ \

level sets



Convex optimization problem

Q Tinh chat:

= V@i bai toan ma f,(x) hoac tap cac diéu kién c6 dang phtre tap,
thwdng khéng co cac phwong phap chung hiéu qua dé giai.

= M6t s6 phwong phap kinh dién dé giai:

» Phuwong phap nhan tu Lagrange va bai toan doi ngéu str dung
hiéu qua khi cac ham f;(x),i = 0,1,.. ® mét s6 dang dac biét,
va thweoong nghiém cua bai toan * ‘closed form”

» Phuwong phap xap xi: stp dung khi tap diéu kién thoda man K co
dang don gian, nghiém cua bai toan khéng tinh truec tiép
dwoc dwdi cdc diéu kién toi wu

- Thuat toan Gradient descent
- Thuat toan Newton
- Thuat toan Frank-Wolfe



Convex optimization problem

d Phwong phap nhan tw Lagrange
Pé giai bai toan x* = argmin,. f,(x)
thoa man:

fi(x)<0i=12,..,mva
hi(x) =ajx—bj=0,j=1,..p

Xét ham Lagrangian sau:
m p
L(x,A,v) = fy(x)+ z Aifi(x) + z vih;(x)
i=1 j=1

bi giai bai toan twong dwong: m/1in L(x,A,v)VvG&il; =0
X,AD



Convex optimization problem

d Phwong phap nhan tw Lagrange
Pé giai bai toan min L(x, 4,v) v6i 1; = 0, ta giai hé phuong trinh
X,A,V

cac dao ham riéng bang 0:

(AL (x, A, v)
=0
0x
< 0L(x, A, v) 0
oA
0L(x, A, v)
=0
\ dv

Nghiem cua hé phwong trinh nay la cac diém stationary cla bai
toan t6i wu ban dau



Convex optimization problem

d Phwong phap nhan tw Lagrange
Trong nhiéu trwéng hop, thay vi gidi bai toan Lagrange goc, ching
ta sé di giai bai toan dbi ngau cua no:

m p
gQ,v) = inf L, ,v) = If(fo(0) + ) Afi) + ) vyhy(x))
i=1 j=1

= Tinh chat cta bai toan dbi ngau:
»>V&i moi (4,v): g(4,v) < p* voip* la gia tri toi wu cla bai toan
ban dau.

»g(A,v) ludn la convex



Convex optimization problem

] Thuat toan Gradient descent

Cho ham 16i f(x) v@&i tap xac dinh 16i K, xét bai toan tim:

min f(x)

xXeK

= Néu K = R™ ta co bai toan t6i wu khéng rang budc, va ta co thuat
toan nhuv sau:

GRADIENTDESCENT(f, €):

pick a point xg € R?

choose a large integer T

fort<Oto7T —1
choose a positive step size 7; appropriately
Xe1 < X¢ — MV f(Xy)

return xXrp

= 1, 14 toc dd hoc, va thwérng 1a cac con s6 dwong, nhd.



Convex optimization problem

] Thuat toan Gradient descent

Cho ham 16i f(x) v&i tap xac dinh 16i K, xét bai toan tim:

min f (x)

XEK

= Néu K # R™ ta c6 bai toan tdi wu rang budc

PROJECTEDGRADIENTDESCENT( f, €):

pick a point Xg € RY

choose a large integer T

fort < OtoT —1
choose a positive step size 1; appropriately
x;_}_l g — ntvf(xt)
x¢41 < Ik (X%, ;)

return Xr

= [, (x) la phép chiéu diém x vao tap K.




Convex optimization problem

] Thuat toan Frank-Wolfe

= Trong nhiéu trwdng hop, phép chiéu co thé tinh toan trong thoi gian da
thirc. Tuy nhién phan I&n céc trwdng hop thi viéc tim hinh chiéu twong
dwong v&i mot bai toan toi wu bac 2, chi phi tinh toan rat ton kém néu
bai toan dau vao co so chiéu lén.

= Thuat todn Frank-Wolf thay phép chiéu bang mét bai toan tuyén tinh
- giam do phure tap tinh toan tai méi vong lap.

Algorithm Frank-Wolfe (1956)

Let 29 ¢ D
for k=0...K do

Compute s := argmin (s, V f(z¥))
s€D
Update z*+1) := (1 —y)z®) +vs, fory:= kl+2
end for
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