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5.1. Phép chia

Dinh nghia. Cho hai s6 nguyén a va b # 0. Ta néi a chia hét cho
b néu ton tai s nguyén m sao cho @ = mb, ky hicu a :b. Khi dé
@ a dugc goi la bor cha b,

e b dugc goi la wde cua a, ky hieu b | a

Vidu.12:3, 1572, 4|20, 5/21. J

Dinh 1y. Cho a # 0,b va ¢ la cdc $6 nguyén. Khi dé
(i) Néualbwvaalc, thhal|(b+c);
(i) Néu alb, thi a|bc;

(iii) Néua|bvab|c, thialc.

Heé qua. Cho a # 0,b va ¢ la cdc s6 nguyén théa a|b va a|c. Khi dé
a|mb+ nc véi m,n la sé6 nguyén.
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B6 dé. Cho hai s6 nguyeén a va d vdi d > 0. Khi dé ton tai duy nhat
cap q, r € Z sao cho
a=qd+7r vo0<r<d.

Vi du. Cho a = —102 va d = 23. Khi d6 —102 = —5 x 23 + 13 J

Vi du.(ty lam) Lam tuong tu nhu vi du trén trong trusng hgp
°a=121; d=15
0 a=214; d=23

Dinh nghia. Trong bd dé trén, g dugc goi 1a phan thwong, r dudc
goi 1a phan duv. Ky hieu ¢ = a div d, r =a mod d.

Vi du.
o 13 div 4 = 3, 13 mod 4 = 1.
o —23 div 5 = —5, — 23 mod 5 = 2.
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Biéu dién sé nguyén

Dinh 1y. Cho b la s6 nguyén lon hon 1. Khi dé moi s6 nguyén duong
n déu duge biéu dién duy nhat dudi dang

n = akbk —+ ak_lbk_l +...4+a1b+ag

trong dé k la s6 nguyén khong am va a; la s6 nguyén théa 0 < a; < b.
Dang biéu dién nay duoc goi la dang biéu dién theo co sé b cia
n. va duge ky hieu n = (ag ag—1 -..a1a0)p-

Mot s6 dang biéu dién: nhi phan (b= 2),bit phan (b= 8), thap phan
(b=10), thap luc phan (b= 16).

Vi du. Tim s6 nguyén c6 dang bic¢u dién nhi phan la (1011111), J

Giai.
(1011111)y =1-240-2°4+1-2* +1-23 +1-22 +1-2" +1-2° = 95,
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Vi du. Tim s6 nguyén c6 dang bi¢u dién bat phan 1a (7016)g )

Dap 4n. 3598

Luu y. D6i v6i hé thap luc phan, chit A dén F dung thay thé cho 10
dén 15.

Vi du. Tim s6 nguyén c6 dang bié¢u dién bat phan 1a (2AE0B)14 J

Giai. (2AEOB)16 =216 +10-16% + 14 - 16% + 0 - 16 + 11 = 175627.

Tim dang biéu dién theo cd sé b ctia n
Chia n cho b ta dugce

n = qob + ag

Khi d6 s6 du ag chinh 1a ky tir cudi ciing trong dang biéu dién. Ta tiép

tuc chia gy cho b, ta dudgec qo = 10 + a1

Tiép tuc thic hién qua trinh nay cho dén khi phan thuong bang 0,
k-1 =0-b+ ay.

Khi d6 (agag_1 -..a1ag)p 1a dang biéu dién theo cd s6 b clia n.
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Vi du. Tim dang biéu dién bat phan ciia 12345. J

Giai. 12345 = 1543-8+1
1543 = 192-8+7
192 = 24-840
24 = 3-840
3 = 0-8+3
Nhu vay 12345 = (30071)s
Vi du. Tim dang biéu dién thap luc phan ctia 177130. J
Giai. 177130 = 11070-16 + 10
11070 = 691-16+ 14
691 = 43-16+3
43 = 2-16+11

2 = 0-16+2
Nhut vay 177130 = (2B3EA) .
e
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Dinh nghia. Cho m 1a s6 nguyén duong. Hai s6 nguyén a va b dugc
goi dong dw véi nhau theo modulo m, néu a va b chia m cé ciing phan
du. Ky hiéu a = b (mod m)

Vidu. 27 =43 (mod 4); 47 =92 (mod 5); 124 =58 (mod 6). J

B6 dé. Ta c6 a =0b (mod m) khi v chi khi a — b chia hét cho
m. Nghia la ton tai so nguyén k sao cho a = b+ km.

Tinh chat.
(i) V&i moi s6 nguyén a, ta c6 a = a (mod m)

(ii) Néua=b (mod m) thi b= a (mod m)

(iii) Néu a =b (mod m) va b= c (mod m) thi a = ¢ (mod m)
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Tinh chat. Cho a =b (mod m) va ¢ = d (mod m). Khi dé

a+c=b+d (mod m) vaac=bd (mod m)

Vi du. Tim s6 nguyén a sao cho

a) a =43 (mod 23) va —22 < a < 0.
b) a =17 (mod 23) va —14 < a < 14.
¢) a = —11 (mod 23) va 90 < a < 110.

Vi du. Cho a va b la s6 nguyén va a = 4 (mod 13) va
b =9 (mod 13). Tim s6 nguyén ¢ véi 0 < ¢ < 12 sao cho

a) ¢ =9a (mod 13). d) ¢=2a+ 3b (mod 13).
b) ¢=11b (mod 13). e) ¢ =a?+b? (mod 13).
c) c=a+b (mod 13). f) ¢ =a® - b (mod 13).
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5.2. Uéc chung 16n nhat va boi chung nhoé nhat

Dinh nghia. S6 nguyén U > 0 dugc goi la wdc chung lon nhat (ky
higu UCLN) ctia hai s6 nguyén a, b néu thoa hai diéu kien sau:
Q@ U la mot uw6e chung cua a, b;

© Néu s6 nguyén V 13 mot ude chung ctia a, b thi V' 1a uée cua U.

Dinh nghia. S nguyén B > 0 dugc goi 1a boi chung nhé nhat (ky
higu BCNN) ctia hai s6 nguyén a, b néu thda hai diéu kién sau:

@ B la mot boi chung cua a, b;

@ Néu s6 nguyén V 1a mot boi chung ctia a, b thi V 14 boi clia B.

Vi du. UCLN cua 15 va 25 1a 5, BCNN ctia ching 1a 75. J

Dinh ly. Udc chung ldn nhat (tuong tng boi chung nhé nhat) cia a,b
la duy nhat, ky hiéu (a,b), (tuong ting [a,b]).
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Ménh dé. Vdi moi s6 tu nhién m,n ta c6 mn = (m,n) [m,n]

Nhan xét.
Q (a,b) = (Fa,+b) va [a,b] = [Fa, +b]. Do do, tit day vé sau ta gid
st a,b > 0.

@ Néu a|b thi (a,b) = a va [a,b] = b.

Vi du.
e (15,20) = (—15,20) = (—15,—20) = (15, —20) = 5
e [15,20] = [~15,20] = [—15, —20] = [15, —20] = 60
e (15,60) = 15, [15,60] = 60
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Thuat toan Euclide tim UCLN d cua a,b

e Néu b l1a u6c clia a, thi d = b;

e Néu khong, ta lan lugt thyc hién cac phép chia:
a=qb+nr 0<ri<bd
bZQQT1+T2 0<ro<m

ry=g3ra+1r3 0<1r3 <19

Do b>ry >ry>--- >0 nén phép chia nhu trén sé ding sau mot
s6 hitu han buée. Goi 1,11 1a s6 du dau tién bang 0. Ta c6

Tp—2 = QqnTn—1+7Tn 0<r, <rp_1
Tn—1 = qn+17n + 0

Khi d6 r,, 1a UCLN cta a va b.
S I
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Vi du. Tim UCLN va BCNN cta a = 2322, b = 654. J

.o.' T z
Giai. Ta co 2322 = 3 x 654+ 360

654 = 1 x 360+ 294
360 = 1x 294+ 66
204 = 4% 66+ 30
66 = 2x3046
30 = 5x6
2322 % 654
Nhu vay (2322, 654) = 6 va [2322, 654] = % — 253008.
Vi du.(ty lam) Tim UCLN va BONN 1638 va 164577 |

Dap an. (1638,16457) = 7 va [1638, 16457] = 3850938.
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Dinh 1y. Gid st d la UCLN ciia a va b. Khi dé ton tai m,n € Z sao
cho: d = ma + nb.

Vi du. Tim UCLN d va BCNN e ctia a = 114 va b = 517 Tu do6 tim:
a) hai s6 m,n € Z sao cho d = ma + nb?
u

p 1
b) haisOu,vEZsaochof:——i—E?
e a b

Giai. Ta c6 114 = 2x51+12
51 = 4x12+3

12 = 4x3.
Suy ra (114,51) = 3. Hon ntta

3 = 5l—4x12
= 51—4x (114 —2x51)
—4 %114+ 9 x 51.
S I
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b
Ta c6 e = % — 1938. Nhu vay
a) m=—-4,n=9

b) Ta ¢6 d = ma + nb. Chia 2 vé cho ab, ta dugc

a (&

d m n 1 n m
%_34_ & _E—k?(wab—de).

Nhu vay v = 9,v = —4.

Vi du.(ty lam) Tim UCLN d va BCNN e clia a = 1638 va b = 164577
Tu do tim:
a) hai s6 m,n € Z sao cho d = ma + nb?

. 1
b) hais()u,vGZsaochof:E—i—E?
e a b
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5.3. S6 nguyén tb

Dinh nghia. Mot s6 nguyén n 16n hon 1 dugce goi 1a s6 nguyén to
néu no6 chi c6 hai u6c s6 duong 1a 1 va chinh né. Ngudc lai n dude goi
13 hop s6.

Meénh dé. Néun la hop s6 thi n cé wdc s6 nguyén to nhé hon hay

bang \/n

Meénh dé. Cho p nguyén duong lon hon 1. Khi dé cic phdt biéu sau
la twong duong
(i) p la s6 nguyén to.
(i) Vk € N*, néupfk th (p, k) = 1.
(ili) Vk € N*, néu (p, k) #1 thip | k.
(iv) Va,b € N* néup|ab thip|a hay p|b.
(v) Va,be N*, néupfa vap)fb thi p)ab.
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Dinh 1y. [Pinh 1y cin ban ctia sé hoc] Moi s6 nguyén duong déu
duogc phan tich thanh tich hitu han nhiing thita s6 nguyén to. Hon nita,
cach phan tich nay la duy nhadt, sai khdac mot phép hodn vi cdc thia so
nguyén to.

Vi du. 72600 = 23 x 3 x 52 x 112 J

Dinh 1y. Tap hop cdic s6 nguyén té la vo han. J

Chitng minh. Gia st chi ¢6 hitu han cic s6 nguyén t6 la: pq,po, ...
Pn. Ta xét

)

Q=pip2-..pn+ 1

Theo dinh 1y trén ta c6 Q la s6 nguyén t6 hoic c6 ude 1a sd6 nguyén

t6. Vi Q — p1p2...pn = 1 nén khong c6 s6 nguyén t6 nao la uwdc clia

Q. Vay Q 1a s6 nguyéen t6. Nhung Q khong nam trong tap hop céc sd
nguyén t6 (vi Q > p;). Diéu nay mau thuan véi gia thiét chi c6 hitu han
cac sd nguyen td py,po, ..., Ppn. Vay tap hop cic sd nguyén to 1a vo han.
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Dinh nghia. Hai s6 nguyén duong a va b dudc goi la nguyén té cung
nhau néu (a,b) = 1.

Ménh dé. Cho a,b,c la s6 nguyén dudng sao cho a|bc va
(a,b) =1. Khi dé a|c.

Ménh dé. Cho a,b,c la s6 nguyén duong sao cho (a,b) =1 va
(a,¢) =1. Khi dé (a,bc) =1

Meénh dé. Cho a = pﬁlpEQ ...ptr. Khi dé udc ciia a c6 dang
d=pi'py?...po»
voi 0 < s; < t;. Do dé s6 wdc cia a la

(t+ D)tz +1) .. (tn + 1).
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Vi du. Tim s6 uéc ctia 726007 J

Giai. Ta ¢6 72600 = 23 x 3 x 52 x 112 nén s6 udc ctia 72600 la
B+DHI+DH2+1)(2+1)="T2.
Vi du.(ty lam) Phan tich cdc s6 sau ra thita s nguyen t6 va tim s

uGc cia chung
84500; 664048; 743091250.

Ménh dé. Cho a = pi'ph...plr va b=pS'ps>...p5n, t;,8; > 0. Khi
do
i) a\b@tigsi,wzl...n

i) (a,b) =plipk ... ph

iii) [a,b] = piflpgz ..pm wdi hy = max{t;, s;}

vdi l; = min{t;, s; }

.

Vi du. Cho a = 1815000 va b = 234000. Hay tim (a, b) va [a, b]? J
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Giai. Ta c6
e 1815000 = 23 x 3 x 5% x 112,
e 234000 = 2% x 3% x 53 x 13.
Khi dé
o (1815000, 234000) = 23 x 3 x 5°.
e [1815000,234000] = 24 x 32 x 5% x 112 x 13.

Vi du. Phan tich cac s6 sau thanh tich cac s6 nguyén to

36, 120, 720, 5040.

Vi du. Tim uéc chung 1én nhat va boi chung nhé nhat bang phuong
phap phan tich ra thita s6 nguyén t6 cia

12250 va 1575; 794750 va 19550

v
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Vi du. Dung thuat chia Euclid, tim d = (a,b) va m,n € Z sao cho

1
d = ma + nb. Sau d6 tim e = [a, b] véu,vEZsaochof:E-Fg?

e a b
a) a= 116 ; b = -84. c) a=414 ; b = 662.
b) a=72; b= 26. d) a=123; b = 277.
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